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We present an experimentally realizable microwave pulse sequence that effects a controlled-NOT �C-NOT�
gate operation on a Josephson-junction-based flux qubit/resonator system with high-process fidelity. We ob-
tained a C-NOT gate process fidelity of 0.988 �0.980� for a two-�three-�qubit/resonator system under ideal
conditions and a fidelity of 0.903 for a two-qubit/resonator system under the best, currently achieved, experi-
mental conditions. Our simulations show that this gate is a feasible first step toward multiqubit quantum-
information processing with flux qubit/resonator systems.
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I. INTRODUCTION

The basic requirements for a successful quantum com-
puter have been expressed by DiVincenzo1,2 nearly a decade
ago. These five criteria have been widely accepted as being
the best road map for achieving realizable quantum comput-
ing by most research programs throughout the world: �1� a
scalable physical system of well-characterized qubits. �2�
The ability to initialize the state of the qubits to a simple
fiducial state. �3� Long �relative� coherence times, much
longer than the gate-operation time. �4� A universal set of
quantum gates. �5� A qubit-specific measurement capability.

At this time, there are various schemes being proposed to
satisfy the above criteria and realize a quantum computer.3

At the few-qubit level, these schemes include those based on
trapped ions,4 liner optics,5,6 and nuclear spins in liquid-state
molecules.7,8 For the long-term prospects of scalability
though, those schemes that utilize Josephson-junction-based
qubits9 have significant advantages.

Since the initial breakthrough in the coherent manipula-
tion of a single Josephson-junction-based charge qubit nearly
a decade ago,9 the experimental focus has widely extended to
the creation, control, and subsequent manipulation of, multi-
qubit entanglement in similar Josephson-junction-based sys-
tems. For example, coherent oscillations between two qubits
have been observed by using a fixed interqubit coupling.10–12

However, the fixed nature of the qubit-qubit coupling used in
these experiments makes it difficult to scale up such circuits
in the future. To overcome this problem, a fast switchable
coupling between two qubits has been proposed13–15 and also
demonstrated.16,17

Beyond direct qubit-qubit couplings, another solution is to
make use of a quantum bus �qubus� as a coupler between
qubits.18–20 Using the qubus concept we can perform any
two-qubit operation, between any two qubits that are coupled
to the bus, without using multiple swap gates, which are
necessary in other systems using direct qubit-qubit coupling.
In particular, harmonic oscillators formed by superconduct-
ing circuits seem to be a good candidate for a qubus-type
coupler. Early experiments with such couplers have shown
coherent oscillations between a qubit and the oscillator,
which was made of lumped elements, namely, capacitors and
inductors.21,22 More recently, a distributed circuit, based on a

coplanar waveguide resonator, attracted considerable atten-
tion as an oscillator because of its high-quality factor �Q
factor� and impedance matching to other circuits.23,24 Fur-
thermore, coherent quantum state transfer between two
Josephson-junction-based qubits via such a waveguide reso-
nator has been demonstrated in both the phase25 and charge
regime.26 More recently, two-qubit algorithms have been
demonstrated in a two-transmon qubit/resonator system.27

Because of the experimental viability of the qubus-
coupler concept, as well as its obvious advantages in scal-
ability, we are using this paper to propose an experimentally
realizable microwave pulse sequence that will enact a con-
trolled NOT �C-NOT� gate between two superconducting
flux qubits, which are coupled via a harmonic-oscillator bus.
This pulse sequence/flux qubit/resonator design is comple-
mentary to other recently proposed systems18,28 but stands
apart due to its efficiency of operation and its process fidel-
ity.

II. EXPERIMENTAL SYSTEM

One of the most promising solid-state quantum-
computing elements is a superconducting flux qubit that typi-
cally consists of three Josephson junctions in a loop: two of
equal size, one smaller by a factor ��0.8.29 The sizes of the
junctions are chosen so that the geometric self-inductance of
the loop is not physically relevant. The two lowest-energy
states of the qubit at the flux degeneracy point, usually de-
noted as �0� and �1�, are superpositions of macroscopically
distinct clockwise and counter-clockwise persistent current
states. Repeated experiments over the past few years have
shown that this type of flux qubit is a well-defined quantum
system that can perform single-qubit rotations30–34 as well as
achieve long coherence times of a few microseconds.32 In
order to exploit these quantum properties and avoid decoher-
ence due to flux fluctuations, it is desired to operate the flux
qubits at the degeneracy point.32–34

We are currently working with the following architecture
�see Fig. 1� built around the previously discussed three
Josephson-junction qubit design that incorporates the funda-
mentals of the qubus concept. Each qubit couples to the reso-
nator through a mutual inductance M. Here the resonator is
schematically represented by lumped elements but it can be a
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distributed circuit, for example, a coplanar strip waveguide.
External magnetic flux through each qubit is a half-flux
quanta in order to set the qubits at the degeneracy point.

III. C-NOT PULSE SEQUENCE

In order to execute a C-NOT gate in our architecture we
have to entangle the flux qubits with the resonator. To do
this, we need to apply a sequence of dc-shift pulses or apply
a sequence of microwave pulses through microwave lines to
our qubits. In the case of dc-shift pulses, we can adiabatically
change the qubit frequency to fit the resonator frequency but
also nonadiabatically in order to create a coupling between
the qubit and the resonator. As a result, we can “turn on” the
coupling between the qubit and the resonator nonadiabati-
cally, making them into an entangled state.22,25 However,
these pulses cause dc-based excursions away from the flux
degeneracy point and can reduce the dephasing times of the
qubits drastically. The large bandwidth of the pulses can also
reduce the overall process fidelity. Fortunately, a special flux
qubit design combined with elaborate dc pulses may solve
these problems.28

When we use a sequence of microwave pulses, we can
create entanglement between the qubits and the resonator by
using a known two-photon blue side band �BSB� transition at
the qubit’s degeneracy point.18,35 These microwave pulses
have a more narrower bandwidth than the dc-shift pulses
thus allowing us to obtain a much higher process fidelity as
well as minimizing pulse-induced dephasing. For example,
high-process fidelity C-NOT gate operations have been
achieved in ion-trap experiments using such BSB
transitions.36,37 In these experiments, an elaborate
controlled-Z gate using four BSB pulses was used.4

Our C-NOT gate in this paper is also based on BSB tran-
sitions. However, it is difficult to achieve similar high-
process fidelity because of the strong fixed coupling between
the qubit and the resonator. This coupling leads to larger
energy shifts at higher energy levels, represented by the solid
and dashed lines in Fig. 2�a�. These shifts are problematic if
we want to implement a Cirac-Zoller-type C-NOT gate. In-
deed, such a BSB-based C-NOT gate uses up to n=2 reso-
nator levels, where n is the photon number in the resonator.4

By contrast, our C-NOT gate design exploits our strong fixed
coupling to realize a high-fidelity controlled-Z gate through

BSB transitions between the two lowest levels �n=0,1� of
the resonator. In this way, a pulse sequence for a C-NOT gate
can be constructed based around these transitions �see Fig.
2�b��.

To realize our BSB-based controlled-Z gate, we take for
granted that the resonator is in the n=0 state at the begin-
ning. This is easy to realize in superconducting circuits be-
cause the energy scale due to the typical temperature of a
sample �30 mK� is much lower than the energy difference
between resonator levels. As the two-concatenated blue ar-
rows in Fig. 2�a� show, the first BSB � pulse changes the
state �00� �in the n=0 level� to �10� �in the n=1 level� and
changes the state �01� �in the n=0 level� to �11� �in the n
=1 level�, where �CT�= �C��T� and �C� ��T�� represents the
state of the control �target� qubit. As a result of this pulse the
state of the control qubit is mapped to the resonator. This
temporarily changes our gate basis from �00�, �01�, �10�, �11�
�in the n=0 level� to �10�, and �11� �in both the n=0 and n
=1 levels�.

At this point it is important to note that the speed of the
phase evolution on the control qubit is different between the
n=0 and n=1 levels because of the energy difference indi-
cated by the two dashed arrows in Fig. 2�a�. Therefore, after
a time interval T, only the �11� state �in the n=1 level� will
acquire a � phase, relative to the other three basis states.
This free evolution functions as a controlled-Z gate between
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FIG. 1. �Color online� Multiple flux qubits �blue rectangles with
three crosses�, each addressed by its own microwave line �green
line�, coupled to a resonator via a mutual inductance M. The reso-
nator is schematically represented by the inductor L and the capaci-
tor C.
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FIG. 2. �Color online� �a� Energy levels of the two-qubit/
resonator system and transitions used in our pulse sequence. Solid
�dashed� lines represent the energy levels without �with� the cou-
pling between the qubits and the resonator. Additional shifts � occur
during the irradiation of the BSB pulse. Energy difference between
the dashed arrows is utilized to perform the controlled-Z gate be-
tween the resonator and the target qubit. �b� Basic operational se-
quence of target, control, and BSB pulses on our two qubits, using
values defined in Sec. IV, that enact a C-NOT gate in our system.
Each pulse is represented by the microwave frequency �carrier fre-
quency or BSB frequency�, the rotation angle, and the phase of the
microwave pulse. Note that the parameters T, the free evolution
time, and �, the microwave pulse phase, are variable and are de-
fined by the experimental system to those values that optimize the
operation of the gate. Unitary matrix representations of each pulse
are shown by YC, YT, and UCZ, which are also used in Eq. �1�.
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the resonator and the target qubit. Similar gate operations
have been employed in nuclear magnetic resonance quantum
computation.38

In order to achieve a controlled-Z gate between the con-
trol and target qubits, a second BSB � pulse is needed to
transfer the phase information on the resonator back to the
control qubit and disentangle the resonator from the qubits.
The phase difference between this pulse and the first BSB
pulse must be carefully adjusted in order to cancel the effect
of the off-resonant ac-Stark shift � shown in Fig. 2�a�.18 The
two BSB pulses, with appropriate phases, place an additional
dynamical phase � on the �00� and �01� states �in the n=0
level�. In the end, these two BSB � pulses, combined with
the free evolution time T, work as a controlled-Z gate be-
tween the two qubits �UCZ�.

Finally, the UCZ gate together with four single-qubit gates
forms the C-NOT gate �UC-NOT�

UC-NOT = YC
−2YTUCZYT

−1YC
−2 = −�

0 1 0 0

1 0 0 0

0 0 1 0

0 0 0 1
	 �1�

in the two-qubit basis 
�11� , �10� , �01� , �00��. Here, YC and YT
represent a � /2 gate on the control, and the target, qubit,
respectively. We should note that during the whole pulse se-
quence, we only use six states, namely, the four states in the
n=0 resonator level and �10� and �11� in the n=1 resonator
level.

IV. NUMERICAL SIMULATIONS

In this section, our focus will be on simulating those
pulses that implement our high-fidelity C-NOT gate upon
any two qubits in our architecture �Fig. 1�. To begin, when
all the qubits in our system are at their respective degeneracy
points, the overall system is represented by the following
Hamiltonian:

H = hf resa
†a + �

k
1

2
hfk�z,k + hgk�x,k�a† + a�

+ hAMW,k sin��kt + �k��x,k� . �2�

Here, h is Planck’s constant, f res is the frequency of our
resonator, 1

2hfk�z,k represents the “kth” qubit, hgk�x,k�a†+a�
is the coupling term between the kth qubit and the resonator,
and hAMW,k sin��kt+�k��x,k describes the microwave pulse
for each qubit. Since we are only looking at C-NOT gates,
we will define one qubit as the target and one as the control
qubit.

Using the above time-dependent Hamiltonian we will
evaluate how accurately our pulse sequence describes a
C-NOT gate on any two qubits. Our simulated gate, includ-
ing error sources, can be described by a completely positive
map � from an initial density matrix 	in to an output state
	out. Hence, 	out can be written in the operator sum represen-
tation as39

	out = ��	in� = �
m,n

Ẽm	inẼn
†
mn, �3�

where Ẽm are operators forming a basis in the space of
4�4 matrices.

Equation �4� shows that � can be completely described by

a complex number matrix 
 once the set of operators Ẽm has

been fixed. The operators Ẽm can be represented by

Ẽ4i+j = Ai � Aj , �4�

where Ai is a set of operators forming a basis in the space of
single-qubit operators. In this work, we have chosen A0= I,
A1=�x, A2=�y, and A3=�z. To determine 
, which is a
16�16 matrix, we need to simulate our gate for 16 linearly
independent input states ��in�. For these states we have cho-
sen

��in� = ��i� � �� j� ,

��i� � 
�0�, �1�,��0� + �1��/�2,��0� + i�1��/�2� �5�

as the initial states. From this we can evaluate the gate fidel-
ity using the process fidelity

Fp = Tr�
ideal
sim� , �6�

where 
ideal and 
sim represent the ideal matrix, and the one
obtained from the simulation, respectively.

Our two qubits �the target and control� and resonator op-
erating frequencies, as well as couplings, were defined in the
following way:40

f1 = fControl = 6 GHz g1 = 0.1 GHz,

f2 = fTarget = 5 GHz g2 = 0.1 GHz,

f res = 10 GHz.

�7�

For our numerical simulations we used the following values
for our target and control pulses:

Target Pulse Control Pulse

AMW,2 = 0.1 GHz AMW,1 = 0.1 GHz

�2/2� = 4.99875 GHz �1/2� = 5.9981 GHz

� = 0 or � � = 0

�8�

as well as our BSB pulses

Control BSB

AMW,1 = 2 GHz

�1/2� = 7.5601 GHz

� = 0 or 0.34� .

�9�

Here the rise/fall time of each pulse was set at 0.8 ns and the
duration of the carrier ��� /2� pulse was set at 5 �2.5� ns. As
mentioned in Sec. III, we optimized the duration of the BSB
pulse, the free evolution time T, and the phase of the second
BSB pulse � in order to achieve the best process fidelity,
obtaining 16.295 ns, 162.865 ns, and 0.34�, respectively.
The total length of the pulse sequence is about 200 ns, which
is much shorter than the coherence time of a flux qubit.32

Lastly, we assumed that the first five resonator levels were
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accessible, thus n=0 to n=4, where n is the photon number
in the resonator.

V. OBSERVATION AND ANALYSIS

Multiple simulations, using the previously defined param-
eters with various pulse shapes and operation times, have
yielded an experimentally realizable pulse sequence, repre-
sented in Fig. 2�b�, that will enact a C-NOT gate upon our
two-qubit/resonator system with high process fidelity, Fp
=0.988, and within the coherence time of known flux qubit
systems.32 The computed gate �to four significant figures� is

UC-NOT� = −�
0.0001 0.9863 0.0013 0.0022

0.9863 0.0001 0.0020 0.0013

0.0021 0.0014 0.9886 0.0034

0.0013 0.0023 0.0035 0.9880
	 .

�10�

We also evaluated the effects of decoherence on our C-NOT
gate by introducing a linear loss to the resonator �quality
factor Q�, as well as relaxation rates 1 and dephasing rates
2 to the qubits, via a master equation of the Lindblad form
�see Figs. 3 and 4�. Here we assumed that 1 and 2 for both
qubits were equal. We obtained a process fidelity of 0.903
under the best conditions that have been achieved experi-
mentally: Q=106 and 1=2=0.25 MHz. Even with this re-
alistic decoherence model, our process fidelity is still more
than 90%, showing our gate remains robust against this type
of loss.

Now, in the case of flux qubits, it is difficult to fabricate a
qubit which has an exactly designed gap frequency at the
degeneracy point unless the qubit uses a controllable third
junction.41 Hence, we also simulated the case in which the
two-qubit frequencies drew closer. When f res=10 GHz,
fControl=6 GHz, and fTarget=5.5 GHz, we obtained a process
fidelity of 0.986 without decoherence. Decreasing the differ-
ence between the two-qubit frequencies did not significantly
affect the fidelity.

Our C-NOT gate also works with any two qubits in a
system with many qubits since we can effectively decouple
any unused qubits from the resonator. Although we have a
fixed coupling between the qubits and the resonator, when
the resonator is in the n=0 level, it does not affect the qubit
states and hence the gate fidelity. Here we ignore the qubit-

qubit coupling via the resonator, which is at most 10 kHz.
This is much smaller than the inverse of our gate time. Dur-
ing the free evolution time between the first and second BSB
pulse, the fixed coupling could induce unwanted phase on
the unused qubits. However, we can eliminate this unwanted
phase by applying a cancellation � pulse to the unused qu-
bits halfway through the free evolution period between the
two BSB pulses, similar to a spin-echo technique. For ex-
ample, we obtained a process fidelity of Fp=0.980 in a three
qubit/resonator system where the frequency of the third un-
used qubit was 7 GHz, its coupling to the resonator was 0.1
GHz, and the microwave frequency of the decoupling pulse
was 6.9973 GHz. The other system conditions were similar
to that used in the two-qubit simulation found in Sec. IV.

Our process fidelities indicate that our C-NOT gate is
stable even with a third qubit in the system, an important
property for the system to be scalable. Although simulations
have shown that our pulse sequence causes small amounts of
“qubit leakage” �Fig. 4�, this leakage is minuscule, indicating
that we have an extremely well-confined system. This di-
rectly results in the gate fidelity being higher than currently
achieved by other experimental systems �see for example
Riebe et al.37 and their Table II�. For large-scale quantum
information processing �QIP�, however, we have to addition-
ally take more exact measures into account. In the next sec-
tion, we briefly discuss how we can suppress the qubit leak-
age even further to meet the criteria for large-scale QIP.

VI. IMPLICATIONS FOR LARGE-SCALE QIP

The simulations presented here for a basic “top-hat” con-
trol sequence for the qubit/resonator system have already
demonstrated extremely good confinement and, if experi-
mentally achievable, are a major step forward in the fabrica-
tion of viable systems for large-scale QIP. Within the context
of large-scale QIP, ultrahigh fidelities are required to satisfy
the threshold requirements for concatenated error correction
and leakage presents a special type of error channel requiring
specialized correction.

One of the fundamental assumptions of quantum error
correction �QEC� is that errors affecting qubits are localized
to the two levels associated with the qubit encoding. Once
errors begin to violate this assumption, either through state
leakage or actual qubit loss, additional mechanisms must be
employed, at the encoding level, to allow for correction.42–48

Unfortunately, these techniques are quite cumbersome and
involve specialized protocols that go beyond the standard
operations to realize QEC.

Ideally, for large-scale qubit applications, we do not want
to correct for qubit leakage, instead we wish to suppress it to
a sufficient level where it can be ignored. This “target” error
rate, often referred to as the “fault-tolerant threshold” is
highly dependent on the underlying physical architecture and
can be anywhere between 10−3 and 10−7,49,50 depending on
the specific system under consideration. The important point
to realize is that if we wish to ignore coherent leakage errors
these channels need to be suppressed several orders of mag-
nitude below other standard error channels. Fortunately, the
qubit leakage in our gate is due to coherent excitation to
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FIG. 3. �Color online� Process fidelity as a function of qubit
decay rate. The upper �lower� curve represents the fidelity when the
quality factor of the resonator is 106�3�105�.
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higher-order resonator levels. Hence, if we can suppress the
unwanted excitation, we could eliminate the qubit leakage.

In more detail, analysis of our pulse sequence indicates
that our qubit leakage is initiated by our first BSB pulse on
the control qubit. Since the second BSB pulse on the same
qubit is only different by a phase, we only require a modified
version of the first BSB pulse to avoid leaking population
into higher levels of the harmonic oscillator. Moreover, since

it is already very well confined, we feel that it represents a
good first approximation to a zero leakage modification us-
ing optimal quantum-control techniques.

Optimal quantum control,51–55 first developed in the fields
of nuclear magnetic resonance and quantum chemistry, has
shown promise as a technique for designing ultrahigh-fidelity
control processes for QIP �Refs. 54 and 56–59� and specifi-
cally addressing the leakage problem in superconducting
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systems.60 This technique, requiring the application of a sec-
ond control field, which is approximately the time derivative
of the primary, appears to suppress leakage errors by several
orders of magnitude. However, further work is needed to
extend this work to a qubit-bus-qubit controlled interaction
and to ensure that these additional leakage suppression
pulses does not induce cross talk or other unwanted dynam-
ics.

Our future work will involve utilizing these numerical
techniques to find smooth control field parameters that
modify the above simulated BSB pulse to one that eliminates
leakage to higher-order field modes. Initial success of these
techniques for superconductors,58,61 ion traps,58 vibrational
modes in molecules,57 and more general problems in quan-
tum control53 allows for optimism that this avenue of inves-
tigation will eliminate leakage in this system.

VII. CONCLUSIONS

In this paper we have proposed a realizable microwave
pulse sequence that effects a C-NOT gate operation on a
Josephson-junction-based flux qubit/resonator system with
high process fidelity. Our simulations have shown that a
C-NOT gate process fidelity of 0.988 �0.980� for a two
�three� qubit/resonator system under ideal conditions and a
fidelity of 0.903 for a two-qubit/resonator system under the
best, currently achieved, experimental conditions, is pos-

sible. We have also shown that this set of pulses, in particu-
lar, the first BSB pulse, incites minuscule qubit leakage into
the first and second excited states of the coupling resonator.
The observed leakage in this system represents no serious
obstacle to our current experimental efforts. However, within
the context of large-scale QIP applications, it would be pref-
erable to suppress the minor population leakage during the
first BSB control pulse to the point where leakage correction
can be ignored. This will be achieved with optimally con-
structed multiqubit/resonator gate sequences, architectural
specific analysis of the techniques introduced in Ref. 60, as
well as modifications to the architecture. Future work will
also look into more accurately modeling the dynamical im-
pact of the various low- and high-frequency noise sources
inherent in our system,62 using a more generalized open
quantum-system treatment.63
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